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Three Time Series Models, X; = Y;/Var(Y;)'/?

@ QAR(1) process, Koenker and Xiao (2006),
Y: = 01071 (U,) +1.9(U; — 0.5)Y; 1

o (U;) i.i.d. standard uniform random variables,
o & the distribution function of the standard normal distribution.

@ ARCH(1) process, Engle (1982),

— (1/1.940.9Y2 )%,

o (e:) standard normal white noise.

@ Independent Gaussian white noise.



Spectral densities
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Spectral density:



X¢ = Y;/Var(Y;)'/?
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Clipped Process
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Clipped Processes
(I{Xt S 0'5})1.'6N and (/{Xt S _1})t€N
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A Quantile-Based Measure for Serial Dependence

(X¢) stationary

Traditionally: Auto-covariances of lag k:
COV()(,_L7 Xt—k)
Analysis of the spectral density

flw) = Z Cov( Xz, Xe_i)e v

k=—o00

is analysis of the auto-covariances.
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A Quantile-Based Measure for Serial Dependence

(X¢) stationary

Traditionally: Auto-covariances of lag k:
Cov(  X: ;o Xek )
Analysis of the spectral density
oo
Z Cov( X+ , Xe_k )e*‘kw
k=—00
is analysis of the auto-covariances.
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A Quantile-Based Measure for Serial Dependence

(X¢) strictly stationary, F cdf of X;
New approach: Copula cross-covariances of lag k:
Yi(71,12) = Cov(I{F(X:) < i}, I{F(Xi—k) < m2})
Analysis of the Copula spectral density kernel
frr(w) = Y Cov(I{F(X:) <}, {F(Xe_y) < ma})e
k=—o0

is analysis of the copula cross-covariances.
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Covariance and Cross-covariance

@ (71, 7) is cross-covariance of bivariate time series
(HF(Xe) <}, {F(Xe) < 72}),

@ 7k(m1,72) always exist (no assumptions about moments),

Yk(71,72) = P(F(Xt) < 71, F(Xe—k) < 72) — 1172
= Copula: disentangling serial and marginal features

@ Invariance of «y, under continuous monotone transformation

{vk(7m1,m2)| 71,72 € (0,1)} and F entirely characterize the
joint distribution of (X, X¢—x),

o ... if EX? < oo, then this includes the acf of (X;):ez,
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Spectral densities
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Spectral density:
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Modifying the (traditional) Periodogram

From Xp, ..., Xp—1, for wj 1= 2% € (0,7), j € Z, compute

() (),

l"(wj) = 2mn

where

n—1
dn(wj) = ZXte_it“’f
t=0
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Modifying the (traditional) Periodogram

From Xp, ..., Xp—1, for wj 1= 2% € (0,7), j € Z, compute

1
/n (w_/) = %dn (wj)dn (_wj)?
where
n—1 .
dn(wj) == Z Xt e
=0
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Modifying the (traditional) Periodogram

From Xp, ..., Xp—1, for wj 1= 2% € (0,7), j € Z, compute

where

1
/n (w_/) = %dn (wj)dn (_wj)?
n—1 '
diu(w) =) H{F (X) < 7} ™™
t=0
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Modifying the (traditional) Periodogram

From Xp, ..., Xp—1, for wj 1= 2% € (0,7), j € Z, compute

1 T T
IH,R(W_/') = %dn,lR(wj)dn,zR(_wJ%

where

|
—

n
~

mr(W)) = H{F(X:) < T}e it

..,
Il
o

N n—1
Fa(x) =1 tZO H{X: < x}

Tobias Kley ~ Asymptotic Theory for Copula Rank-Based Periodograms



Asymptotic properties of /7'2*(w)

Theorem (K., Volgushev, Dette, Hallin (2015+))

Under suitable technical assumptions
17e(w) ~ T (w) in £2([0,1]%) w € (0,7)

where I (w) := (27) D™ (w)D72(w), D a centered,
complex-valued Gaussian process with covariance structure

Cov(D™(w1), D™ (wn)) = 27f ™7 (w1)/{w1 = wa}.

In particular: T7"(wy),1"(w2) independent for wy # wp and
E[I" ()] = §77(w)
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Asymptotic properties of /7'2*(w)

Theorem (K., Volgushev, Dette, Hallin (2015+))

Under suitable technical assumptions
(@) ~ T (w) in €2°([0,1]?) w € (0,7)

where I (w) := (27) D™ (w)D72(w), D a centered,
complex-valued Gaussian process with covariance structure

Cov(D™(w1), D™ (wn)) = 27f ™7 (w1)/{w1 = wa}.

In particular: 17" (w1),1 (w2) independent for wy # wp and
B[I" ()] = ().
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Smoothing the CR periodogram kernel

@ ‘Asymptotic expectation’ of /''2?(w) correct, no consistency

@ Classical approach: smoothing

Definition (The smoothed CR periodogram kernel)
For kernel W and bandwidth b, let

n—1

2
T (w) == T 3" Walw — 2ms/n) 7 (2ms ),
s=1

where W,(u) := > b W(b; [u + 27j]).

j==o0
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Asymptotic properties of f;lRTz(w)

Theorem (K., Volgushev, Dette, Hallin (2015+))

Under suitable assumptions, for any fixed w € (0, )

Ga(-, 5 w) = Vit (2 (w) — () — BY(r, miw), . oy = HO 50)

k ) .
in £([0,1]%), where BY (11, miw) := 3. % [ VIW(v)dv 2§ (w), and

4 dw/
Jj=1

H(-, -;w) is a centered, complex-valued Gaussian process with

Cov (H(Xl,yl; w),H(Xz,yz, w)) = FE1 (w)f?? (w)/ Wz(u)du.

Moreover H(w) = H(—w) = H(w + 27) and {H(w),w € [0, 7]} is a family of
independent processes. In particular, the weak convergence above holds jointly

for finite, fixed collections of frequencies w.
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Example using the R-package quantspec

1| library (quantspec)

2

3| Y <- ts3(256)

4

5/ levels <- c¢(0.25, 0.5, 0.75)

6| FF <- 2 x pi * (0:128) / 256

7|K <- length(levels)

8

9| wgt <- kernelWeight(W = Wi, b = 0.1)

10

11| sPG.cl <- smoothedPG(Y, levels.l = levels,

12 type = "clipped", weight = wgt)

13

14| sCSD <- quantileSD(N = 279, type = "copula", ts
15| seed.init = 2581, levels.l1 = levels, R = 1000)
16

17| plot (sPG.cl, plotPG = TRUE, gsd = sCSD, ratio =
18 frequencies = FF[FF > 0], type.CIs = "naive.sd",
19 type.scaling = "individual")
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Plot of the SmoothedPG in the example, n = 256
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“Model-free” and “nonlinear” spectral analysis

Quantile-based measures of serial dependence:
@ Separation of serial dependencies and marginal features,
@ Invariance under monotone transformations.

Quantile-based periodograms:

inherit many of the properties of the ordinary periodogram,
Robustness can be expected,

Analysis of pair-copulae, not simply covariances,

Weak convergence in ¢°°([0,1]?),

no linearity, distributional, nor even moment assumptions
required.
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Much work remains on the Research Agenda

Tests based on the CR periodogram kernel,
Estimation of higher-order spectra,
Estimation of integrated spectra,
Bootstrap,

Locally stationary processes,
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